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If ⌫ is an uncountable set, then any equivalent renorming of c ⌫ contains an The notion of an asymptotically isometric copy of l 1 was introduced in w x 1 w x 8 and used to show that every nonreflexive subspace of L 0, 1 fails the fixed point property for nonexpansive self-maps on closed bounded convex w x 1 Ž . sets. Later, in 9 , this notion was used again to show that l ⌫ can never be equivalently renormed to have the fixed point property for nonexpansive self maps on closed bounded convex sets, whenever ⌫ is an uncountw x able set. Applications of this result were also provided in 9 , and a companion notion of an asymptotically isometric copy of c was intro-0 Ž w x. w x duced see also 10 . It is shown in 9 that Banach spaces containing asymptotically isometric copies of c fail the fixed point property for 0 nonexpansive self maps on closed bounded convex sets. The aim of this note is to show that several classical spaces that contain a copy of c also 0 contain an asymptotically isometric copy of c and in some cases contain a 0 complemented asymptotically isometric copy of c . 0 In Section 2 we derive a method for detecting asymptotically isometric copies of c in Banach spaces and we use this method to show that any 0 w x A well-known result of James 13 says that if a Banach space contains a copy of c , then it contains an almost isometric copy of c . It is natural to 0 0 ask if, in the above results, one can obtain not only a complemented copy of c , but an almost isometric complemented copy of c . This is in fact 0 0 w x true and can be seen by modifying the proofs in 3, 7, 11, 14 , or by modifying the proofs of the results in Section 3 of this note.
In Section 3 we show that the analogous results for containment of a complemented asymptotically isometric copy of c hold in the same 0 w x settings as the results in 3, 11, 14 .
BANACH SPACES CONTAINING ASYMPTOTICALLY
ISOMETRIC COPIES OF c 0 DEFINITION 1. A Banach space X contains an asymptotically isometric Ž . Ž . copy of c if, for every null sequence in 0, 1 , there exists a sequence
Ž . Ž . Remark. Note that if is a null sequence in 0, 1 and x is a n n Ž .< < 5 5 Ž .< < sequence in X such that sup 1 y t F Ý t x F sup 1 q t , n n n nn n n n n Ž . for all finite sequences t of real numbers, then for each null sequence By passing to subsequences again, if necessary, we can assume that Ž . -mr4 for all n g ‫.ގ‬ Define ␦ s m and ␦ s 4rm for all n G 2. n 1 n n 5 n 5 Consider the expression Ý t x for scalars t , t , . . . , t . By assump-
< < By scaling we can assume that max t s 1. Thus we have
To show that X contains an asymptotically isometric copy of c it suffices 0 to show that
Since we already have the right-hand inequality it remains only to show the 
By convexity again we have
5 n 5 Ž .< < Putting the two pieces together we have Ý t x G max 1 y ␦ t js1 j j 1F jFn j j and so the proof is complete.
The following result follows immediately from Theorem 2. 
Our next result is also a consequence of Theorem 2.
Ž . 
where A is an uncountable subset of ⌫. 
is a non-increasing transfinite se-
quence of real numbers and hence eventually constant. Thus there exists
Consider A . There exist a natural number n and real numbers c 1 and
. . , n such that max c s 1 and
number n and real numbers c 2 and elements ␥ 2 in ⌫ for j s 1, . . . , n 2 j j 2
such that max c s 1 and m y 2 F Ý c e F m . Con-
Ž . tinue in this manner to obtain a block basic sequence x of e where
spans an asymptotically isometric copy of c in c ⌫ , и by
Theorem 2.
Remark. An immediate consequence of the fact that any equivalent 1 Ž .
1 renorming of l ⌫ contains an asymptotically isometric copy of l for ⌫ uncountable is the fact that any equivalent renorming of l ϱ contains an 1 Ž w x. asymptotically isometric copy of l see 9 . One might speculate that any equivalent renorming of l ϱ contains an asymptotically isometric copy of c . Ž ϱ 5 < 5 <. Proof. Suppose that l , и does contain an asymptotically isometric Ž . Ž . copy of c . That is, there is a null sequence in 0, 1 and a sequence
for all scalars t , t , . . . , t and for all n g ‫.ގ‬ 1 2 n Ž . Without loss of generality, we can assume that the sequence x n n Ž n . ϱ 5 < 5 < converges pointwise to 0. For each n g ‫,ގ‬ let x s . Since x G n j j s 1 1 1 
which is clearly impossible. Similarly we arrive at a contradiction if we 5 5 5 5 assume that x y x G x . This completes the proof. choose x g Y l Z with x s 1. We can write x s Ý ␣ e , where
g Y l Z with x s 1. We can write x s Ý ␣ e , where ␣ g ‫ޒ‬ ϱ n 3 3 n s n n n n 2 2 for all n g ‫.ގ‬ Continuing inductively in this manner we obtain a strictly Ž . Ž . increasing sequence n in ‫ގ‬ and a sequence x in Y with x s
Also, since z g c , we can write z s Ý ϱ z e . Hence for n
Ž .
ϱ Also for n F n F n y 1, we have
and so
In particular, for each k g ‫ގ‬ we have
x . Consequently.
We also have that for all k g ‫ގ‬ n y1
Putting the above inequalities together we get that for all t g c
This means that x
spans an asymptotically isometric copy of c in Y.
subspace which does not contain an isometric copy of c 1 , 0 and thus Theorem 6 can be considered as the optimal result of this type.
Ž .
2 The proof of Theorem 6 can be modified to show that if Y is a Ž 1 5 5 . closed infinite dimensional subspace of l , и , then Y contains an 1 1 Ž asymptotically isometric copy of l and hence Y fails the fixed point . Ž 1 5 5 . property . Again this result can be viewed as optimal because l , и 1 contains an infinite dimensional subspace which is strictly convex. Such a w x subspace was constructed by Fonf and Kadec 12 .
BANACH SPACES CONTAINING COMPLEMENTED ASYMPTOTICALLY ISOMETRIC COPIES OF c 0
For our purposes it is easier to work with the following equivalent formulation of a Banach space containing an asymptotically isometric copy of c . of X such that
for all scalars t , t , . . . , t and for all n g ‫.ގ‬ Ž . Ž . a null sequence in 0, 1 and a sequence x in the unit ball of X n n n n such that
for all scalars t , t , . . . , t and for all n g ‫.ގ‬ By passing to subsequences if 1 2 n 1 Ž . necessary, we can and do assume that g 0, for all n g ‫.ގ‬ 
Ý Ý
Ž . Remark. It seems to be unknown whether Corollary 9 can be improved to say that if K is an infinite compact Hausdorff space and if X is an Ž . infinite dimensional Banach space, then C K, X contains a complemented isometric copy of c . ball of X such that n < < < < max 1 y t F t x F max t , Note added in proof: After this paper was completed, the authors were informed by Dirk w x Werner that the Dıaz-Fernandez result 4 was also obtained independently by H. Pfitzner,´Ž . ''c , l , und Grothendieckraume'', Diplomarbeit, Free University of Berlin 1989 . He alsö 0 1 w x reminded us that an example, similar to that of Alspach 1 , was independently obtained by E. Behrends, ''On Banach spaces X for which every infinite-dimensional closed subspace Ž . contains an isometric copy of X '', unpublished 1984 . We thank Professor Werner for these helpful comments.
